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Abstract 

The norm of an integral operator occurring in the partial wave decom- 
position of an operator B introduced by Brown and Ravenhall in a model 
for relativistic one-electron atoms is determined. The result implies that 
B is non-negative and has no eigenvalue at when the nuclear charge 
does not exceed a specified critical value. 



1 Introduction 

The operator referred to in the title is defined on L 2 (0, oo) by 



t(x,y)(j){y)dy, Q<x<oo, 



where, 



t(x,y) 



V?TT+i 



X 2 + 1 



9o{x/y)\ 



ir + i 



X 2 + 1 



with 



g (u) = log 



u + 1 



u — 1 



9i{x/y)\ 



9i( u ) = o \ u+ - lo S 



vV+T-i 
y 2 + i 



I 



u+l 



u-l 



(1. 1) 



(1. 2) 



1, u > 0. 



To describe its role in relativistic stability, we require some background informa- 
tion. It is well-known that the Dirac operator describing relativistic one-particle 
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systems is unbounded below, and that problems occur when it is extended as 
a model for multi-particle systems. The root of the problem is that the Dirac 
operator describes two different particles, namely electrons and positrons. In 
the paper [2] Brown and Ravenhall overcame this difficulty by projecting onto 
the electron subspaces only. Specifically, for a relativistic electron in the field 
of its nucleus, their operator is 

B:=A+(D -j^)A + . (1.3) 

The notation in (1.3) is as follows: 

• D is the free Dirac operator 

D = ca ■ — V + mc p = > c— a,— h mc p 

l ^— ' l OXj 

3 = 1 J 

where a :— (ai, a 2 , 0^3) and are the Dirac matrices given by 

( 2 <Tj \ a ( 1 2 2 \ 

°* = U o 2 )^={o 2 -ij 

with O2, 12 the zero and unit 2x2 matrices respectively, and a 3 the Pauli 
matrices 

CTl = ( 1 )' ff2= ( i o* )' CT3 = ( o -1 ) ; 

• A + denotes the projection of L 2 (R 3 ) ® C 4 onto the positive spectral sub- 
space of D , that is X(o,oo)£>o- If we set 

/(p) = [^(/)](p) := {^f 2 f e - < P-/ R /(x)dx 

for the Fourier transform of /, then it follows that 

(a;/)(p) = a + ( p )/(p) 

where 

1 ca ■ p + mc 2 /3 „ , r^-n k~, r 

A+(p) = - + 2e(p) ,C(P) = VcV + ^c 4 , (1. 4) 

with p = |p|; 

• 2ttU is Planck's constant, c the velocity of light, m the electron mass, — e 
the electron charge and Z the nuclear charge. 
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The underlying Hilbcrt space in which B acts is 



H = A+(L 2 (R 3 )(g>C 4 ) (1.5) 

and when it is bounded below, B generates a self-adjoint operator (also denoted 
by B) which is the Friedrichs extension of the restriction of B to A + (QJ°(i? 3 ) (g> 
C 4 ). 

The operator B was later used by Bethe-Salpeter (see [1]) and is referred to 
with their name in [3]. In [3] it is proved that B is bounded below if and only 
if the nuclear charge Z does not exceed the critical value 

Z c = 2/[£ + -)a], a = e 2 /hc, (1. 6) 

Z 7T 

where a is Sommerfeld's fine structure constant; this range of Z covers all 
natural elements. When Z — Z c , it is proved in [3] that 

B > -(-= mc 2 . 

However, in [4] Hardekopf and Sucher had investigated B numerically and pre- 
dicted that B is in fact non-negative, and that, as for the Dirac operator, the 
ground state energy vanishes for Z = Z c , i.e. is an eigenvalue of B. The first 
part of this prediction of Hardekopf and Sucher has recently been confirmed, 
but the second part contradicted, by Tix in [5]. Following the basic strategy in 
[3] , but with a better choice of trial functions, Tix obtains a lower bound for B 
which is shown to be positive for Z < Z c , specifically 

B > mc 2 (l - aZ — 0.002-^-) > 0; (1.7) 

Z c 

the numerical factor is roughly 0.09 for Z = Z c . 

From the partial wave analysis of B, it is shown in [3] that for all tp € 
A + (C °°(i? 3 ) <g> C 4 ) and with (•, •) the standard inner product on L 2 (R 3 ) <g> C 4 , 

(Bip,ip) = zZ { f e (P)\ a i,mAP)\ 2 dp 

(l,m,s)el ^° 



acZ 



OO />OC 



JO 



(p')hAp' ,p)ai,m,s(p)dpdp' \ (1. 



where / is the index set 



I = {(l,m,s) : I E N , m = -I - 1/2, • • • , I + 1/2, s = 1/2, -1/2, 

\m\ ^1 + 1/2 when s = -1/2}, (1.9) 
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the kernels ki tS (j/,p) are given by 

_ W) + e(0)]Q i (l[ft + £])[e(p) +e(0)] +C VQ i+2fl (l[ft + 0p 
lAP ,P) (2e(p)[e(p) + e(0)])V2( 2e ( P 0[e(p') + e(0)])V2 

(1. 10) 

and 

E / k«..-(p)i 2 * = w 2 :=E/ i^i 2dx - ( Ln ) 

In (1.10) the Qi are the Legendre functions of the second kind. The strategy in 
[3] was based on this decomposition of B and the observation that 

0<fci, a (p / ,p)<fco,i/ 2 (p',p), ZeiVo, s = l/2,-l/2. (1.12) 
It would follow that B > for Z < Z c if and only if 

^ jf a(p')k 0A/2 (p',p)a(p)dp'dp<—J^ e(p)a(p) 2 dp (1.13) 

for all non-negative measurable functions a. On setting 

gi (u)=Q l {\[u+-]), leN (1. 14) 

p = mcx,p' = mcy, (j>(x) = y /, e(mcx)a(mcx), 

(1.13) becomes 

/ t(x,y)<t>(x)<t>(y)dxdy<£- + l) 4>{x) 2 dx, (1.15) 
/o Jo 4 Jo 

where t(-, •) is defined in (1.2). What we prove in this paper is that the constant 
^j- + 1 in the inequality (1.15) is sharp, and there are no extremal functions. 
Furthermore, we show that these results imply that B > (1 — -^-)mc 2 for Z < Z c 
and is not an eigenvalue of B when Z = Z c . Much of the analysis continues 
to be valid for analogous inequalities defined by general kernel functions ti tS 
derived from the 



2 The main results 

The operator T defined on L 2 (0,oo) by (l.l)is readily seen to be a bounded 
symmetric operator and so 

Our main result is 



SU P1 nlnT :</>€£ 2 (O,oo),0^O}> = ||T|L 2 (0, oo) ^ L 2 (0, oo)|| . (2. 1) 
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Theorem 2.1 Let T be defined by (1.1). Then 

1. ||r|i 2 (0,oo) ^ i 2 (0,oo)|| = £ + 1; 

2. the operator T has no extremal functions. 

Remark 2.2 We recall that 4> is an extremal function of a bounded symmet- 
ric operator T if <j> e i 2 (0,oo)> ^ a.e. and ||T|L 2 (0,oo) -> L 2 (0,oo)|| = 
|(T0, (/))|/||0|| 2 . Hence Theorem 2.1 means the following: for all non-negative 
measurable functions <p S £ 2 (0, oo) wit/i (f> ^ a.e. 

/ / t(x,y)cf>(x)cf>(y)dxdy < (— + 1) / ^ 2 (x)dx (2.2) 
Jo Jo 4 Jo 

and i/ie constant ^- + 1 is sharp. In turn, this implies that the inequality (1-13) is 
valid, the constant ir /acZ c is sharp and there is no function a G L 2 (0, oo; e(p)dp) 
which is not null and for which there is equality in (1.13). A consequence of 
Theorem 2.1 is 



Theorem 2.3 Let B be the self-adjoint operator generated in H by (1.3) and 
let Z c be given by (1.6). Then 

1. if Z < Z Cl B > (1 - |)mc 2 ; 

2. if Z — Z c ,0 is not an eigenvalue of B; 

3. if Z > Z Cl B is unbounded below. 

Proof. Part 3 is proved in [3]. From (1.8), (1.10), (1.11) and (1.12) it follows 
that 

(£V,V0 > zZ 1/ <p)WmAp)\ 2 dp 

ft „ I- Jo 

I a;,m, s {p) | feo, 1/2 (p, P) I ai,m,s (p) \dpdp j 



(;,m,s)e/ 
acZ 



o 



> zZ I ( 1 -^)e(p)|oi,n»,-(p)| 2 dp 



(;,m,s)£/ 

I I - -f- ) mc 2 



z ( 

which establishes part 1. To prove part 2, suppose is an eigenvalue of B 
with corresponding eigenfunction tp. By (1.12) and (1.13), all the summands on 
the right-hand side of (1.8) are non-negative and consequently are zero as now 
Btp = 0. Also (1.11) implies that at least one of the functions a^ mvS , a; 0jmo , So 
say, is not null. But this would imply that there is equality in (1.13) with the 
function a = |a; , mo , So |, contrary to Remark 2.2. Hence the proof is complete. 
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Remark 2.4 When the mass m — 0, a proof of Theorem 2.3 is given in [3]. 
On setting p = x,p' = y, 4>{x) = y/cxa(x) in (1.13) when m = we obtain 



/•oo i-oo /7T 2 \ r°° 

I J t (x,y)<j>{x)<j){y)dxdy < I — + lj j 0(x) 2 dx (2.3) 



where 



■ {"■■ (i 



to(x,y):= irl ={go[-)+9i{-)j. (2.4) 

We shall prove in Section 3 that the integral operator Tq with kernel to satisfies 
Theorem 2.1, and thus yields the analogue of Theorem 2.3 in the case m = 0. 

Remark 2.5 Tix's lower bound (1.7) for B is an improvement on that in The- 
orem 2.3(1). If is not in the essential spectrum a ess (B) of B when Z = Z c , as 
is the case when Z < Z c for a ess (B) = [mc 2 , oo) is established in [3, Theorem 
2], then Parts 1 and 2 of Theorem 2.3 imply that B is strictly positive. However, 
no specific positive lower bound can be deduced from Theorem 2.1 alone. 



3 Proof of Theorem 2.1 

The starting point is the following simple result (cf[3, Section 2.3]). We shall 
denote by (•,•) and || • || the standard inner-product and norm respectively in 
L 2 (0,oo). It is sufficient to consider only real-valued functions in i 2 (0,oo) 
throughout this section. 

Lemma 3.1 Let f,g,h be real-valued, measurable functions on (0, oo). More- 
over, let g and h be positive and 

g{l/u) = g(u), < u < oo. (3. 1) 

Then 

rr © md ^ ^ r /<if {f wf © *} * <s - 2 » 

Equality holds if and only if f(x) = Ah(x) a.e. on (0, oo), where A is a constant. 
Proof. By the Cauchy-Schwarz inequality, 



/ / f(x)g(x/y)f(y)dxdy 
Jo Jo 




G 



Equality holds if and only if, for some constants /i and A 



tf( x )Jg(x/y)!$- = \f(y)Jg(y/x)^ r) 



h(x) ' y h(y) 

a.e. on (0, oo) x (0, oo). This is equivalent to f(x) — Ah(x) a.e. on (0,oo), 
where A is a constant. 

Lemma 3.2 Let G be the symmetric operator defined on L 2 (0, oo) by 

Gf(x) := I" iM^±f(y)dy, < x < oo, (3. 3) 

Jo y/xy 

where g is a positive measurable function satisfying (3.1). Then 

||G|L 2 (0,oo)^L 2 (0,oo)|| = [ X g{u) — . (3.4) 

Jo u 

Moreover, there are no extremal functions. 
Proof. By Lemma 3.1 with h(u) — 1/u we get 



OO f-OC 



(GJ. f)\ = ! / / Mg(x/y)l^-dxdy\ 



o Jo 



Jo u Jo 



f(x) 2 dx. 



Hence, 



||G|L 2 (0,oo) - L 2 (0,oo)|| < r g(u) — . (3. 5) 

Jo u 

Furthermore, equality in (3.5) can hold if and only if f(x) — A/y/x a.e. on 
(0, oo). Since Aj^fx L 2 (0, oo) unless A = 0, it follows that for all f e 
L 2 (0,oo),/^0a.e., 

\(Gf,f)\<^°° g(u)^j\\ff. (3. 6) 

In order to establish the inequality converse to (3.5) we take fs(x) — X(1 '^ X * > 
as a test function , where X(i,<5) denotes the characteristic function of (1, S), 1 < 
S < oo. By l'Hospital's Rule, we have as S — > oo, 



t-2 ( G fsJs) 



101^(0,00)^^(0,00)11 > lim 



\\fs\ 
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The equality (3.4) follows from (3.5). From (3.6) it follows that there is no 
extremal function. 

Lemma 3.3 Let To be the symmetric operator in T 2 (0,oo) defined by 

poo 

T f(x) := / t (x,y)f(y)dy, 
Jo 

where to is given by (2.4)- Then 

1. ||Tb|i 2 (0,oo) ^ i 2 (0,oo)|| = £ + 1; 

2. there are no extremal functions. 

Proof. The results follow from Lemma 3.2 since 



and 




(3. 7) 



1" 


log 


u+1 


-') 


du 


u+ - 


It- 1 




u_ 






u 



8 



= 2 



= 2. 



lim 

*0+,<5^1- 



-|<S 



(3. 8) 



Lemma 3.4 TTie operator T defined in (1.1) satisfies 



|T|L 2 (0,oo) -> £ 2 (0,oo)|| > y + L 

X(i,i)(aQ 



Proof. As in Lemma 3.2, we take = (1 ^ — ,1 < <5 < oo, as a test 

function. By l'Hospital's rule we obtain 

||T|L 2 (0,oo)^L 2 (0,oo)|| > lim (T/5 ' /<5) 



s ^°° ll/<5 1 



2 



= 2 lim / tft(tf,<5u)-^=. 



1/8 

It is readily seen from (1.2) that for 1 < 5 < oo, 

fa) < goWjKgiW e L . Q x) 

and 

li m ^(^ fa) = So( u ) + 9i( u ) 

Hence, by the Dominated Convergence Theorem, (3.7) and (3.8), we have 

||T|L 2 (0,oo) _ L 2 (0,oo)|| > C 9jM + 9M du = — + 1. 

./n u 4 



Lemma 3.5 For all functions ho, hi which are positive and measurable on 
(0,oo) 

||T|L 2 (0,oo) -» L 2 (0,oo)|| < A(/i ,/ii), (3. 9) 



9 



where 



A(h ,hi) = \ sup ( - 2 + , 1 1 + 1 / -T7ZX9o(y/x)dy 

^ 0<x<oo \ X -\- 1 



r h (y) . . 

7 /io(a;) 



+ — 2~r~i — / tt^9i{v x ) d y ■ 

x 2 + l J hi{x) J 
The operator T has an extremal function (f) if and only if 



m = A QM x)J 7 $^ 1 =A^ 7 $^ I - 1 (3. 10) 



V^TT+i r h (y) , , w , V^+T-i f 00 , , u , 

s' + l J h^) 90{v/x)dV+ a* + l J hJxj 9liy/x)dy = A *> 

(3. 11) 

for some non-zero constants A\, A 2 , A 3 . 
Proof. By Lemma 3.1, 



oc />oo 



t(x,y)(f>(x)(f>(y)dxdy 



o Jo 



JO 



2/ 



" 2 Jo x 2 + l I hoJx) Mx)dy 



Vx' 2 + 1- 1 f°° hUy) , , , , \ . 2 , 
—T—T- I J^9i(y/x)dy) <j>{x) 2 dx 







< A{h M)U\\ 2 - 
Moreover, the first inequality becomes an equality if and only if 



Vx 2 + 1 + 1 ±l , , t , , / V^ 2 + 1 - 1 



y x 2 + 1 r\x) = A h (x),]J — x 2 + 1 — 4>{x) = A ihi{x) 

a.e. on (0, 00), for some constants Aq,A\. The second inequality becomes an 
equality if and only if <j)(x) = a.e. on the set of all x G (0, 00) for which 

v^TT+i r h (y) , , , V^TT-i f°° fti(tf) 

s'+i X w go(x/y) " + ^ 2 +i y /^) 5i(y/a;)dy<A(/io ' /ii) - 
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Since an extremal function <f> is not null, this inequality can only be satisfied on 
a set of zero measure. Consequently, (3.11) holds a.e. for some constant A3. 

Remark 3.6 We note that for all functions ho, hi which are positive and mea- 
surable on (0,oo) 



lim inf 

x^oo 2 



1 ( V^TT + i r°° h (y) 

x 2 + 1 J h (x) 



g {y/x)dy 



V^+T- 1 

x 2 + l 



hi(y) 

hi(x) 



9i(y/x)dy 



Indeed, let 



hj(£) := lim inf 



hj(x) 



< £ < 00, j = 0,1, 



where the lim inf can be finite or infinite. Then 



lim inf ■ 

x^oc hj [x) 

r • t h o(v) 

y^oo hj(£y) 
1 



By Fatou's Theorem 



lim inf - 

x^oo 2 



1 ( y/x* 



1 + 1 



x 2 - + 1 



f 

Jo 



h (x) 



g (y/x)dy 



+ 



V.x 2 + 1-1 

x 2 + l 



f 

Jo 



hi(y) 
hi(x) 



g 1 {y/x)dy 



lim inf — [ — ■ — ^- — — — 

x^oo 2 X X 2 + 1 



/>00 

/ x 

JO 



ho(ux) 
h (x) 



g (u)du 



+ 



Vx 2 + 1-1 



- 1 f°° hj^ua 
1 J hi (x 



1 

> - 
~ 2 



lim inf 



h\(ux) 
' ) 
ho(ux) 



9i(u)du 



p 00 

go(u)du+ / lim inf 
Jo x ^ aa 



ho(x) 

^ (/ ho{u)go{u)du + j h 1 (u)g 1 (u)di 



h\{ux) 



hi(x) 



g\{u)du 
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Furthermore, on substituting u = v — \/ v 2 — 1 when < u < 1 and u = v + 
\Jv 2 — 1 w/ien «>1 nc Ziawe 



Jo 



1 

M+ - 



hj{u)gj(u)du = / hj(u)Qj 
Jo 

/oo 
{fy(t; - V« 2 - 1)(« - V 7 ^ 2 - 1) 

+ + v^ 2 + 1)(« + v^ 2 + 



dv 



{ hj(v + Vv 2 - i)(v + Vv 2 - 1) 

Ji VD — 1 

. du 
»(«) — ■ 

TTiis verifies the assertion. We also note that equality holds if and only if 
hj(u) = 1/u a.e. on (0, oo). Thus to prove that A(ho,h\) < \ + 1, and 
hence complete the proof of Theorem 2.1, we must choose ho and hi in such a 
way that ho(u) = h\{u) = 1/u a.e. on (0, oo). 

Lemma 3.7 For all <fi e L 2 (0, oo), <p(x) ^ a.e., we have 

r-OO 

t(x,y)(j>(x)(j>(y)dxdy < C <p(x) 2 dx, (3.12) 



JO JO 

where 

C= sup F(x) (3. 13) 

0<a:<oo 



/ v 7r , f-r, , arctan x (\/ x 2 + 1 — l)x , n , 

F( g ) = -(V^M + 1)— -— + ^ ^ + i ' . (3. 14) 

Proof. We apply Lemma 3.5 with the choice (cf[5]) 

h (x) = h^x) = -. (3. 15) 

x A + 1 x 

^Frorn (3.8), 

/ hi(y)gi(y/x)dy = 2. 
Jo 
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Also, on using Cauchy's Residue Theorem, we obtain 



f 

Jo 



ho(y)9o(y/x)dy = 



y 



y 2 + i 



log 



1 

2 

T 

x 2 



oo 
oo 



y 2 + i 



J — c 



(iw) 2 + 1 



a; 


+ y 


dy 


a; 


- y 




x + 


y 


g 


x — 


y 




log 


l - 


- 1 


l 



dy 



du 



(xu) 2 + 1 



log 



du 







2 log 


(S)] 







2 

= 7r3fi 
= 7rarctanx. 

Thus (3.13) is confirmed. Since the equality (3.10) is not satisfied by the choice 
of ho, hi in (3.15) for any constants Aq, A\, it follows from Lemma 3.5 that there 
is strict inequality in (3.12). 

The final link in the chain of arguments is 

Lemma 3.8 The constant C in (3.13) is given by 

m-2 



C = - + l. 



(3. 16) 



Proof. Since lim^oo F(x) = ^ + 1, we have that C > ^ + 1. To prove the 
reverse inequality we start by substituting x — tan2w in F(x) to obtain 

ttv + 4 sin 4 u 
F(tan2w) = , < v < tt/4. 



tanw 



We therefore need to prove that 



f(v) := ttv + 4sin v - (— + 1) tanw < 0, < v < n/4. 
The following identities for the derivatives are easily verified : 

^2 



where 



and 



f (2 \v) 



tt + 16 sin 3 cost; — (— + l)sec 2 w, 
2smwsec 3 v<7(w), 



g(v) = 3sin2u + 3sin4w + sin6w — (- 



g (1) (v) = 12cos4w(l + cos2i;). 



1) 



13 



Since g(0) < 0, 3(71-/8) > 0,g(n/4) < 0,g (1) (v) > on [0,tt/8) and gW(v) < 
on (7r/8,7r/4] there exist v\,V2 such that < v\ < v 2 < 7r/4,g(ui) = g(v2) = 
0,g(v) < on [0,vi) and (w 2 ,7r/4], and g(v) > on (v 1 ,v 2 ). Thus /(0) = 
0,/«(0) < 0J {2) (0) = 0,/(tt/4) = 0,/( 1 )(tt/4) > 0, and /( 2 >(tt/4) < 0. More- 
over, vanishes at v\ and V2, is negative on (0, vi) and (v 2 ,tt), and positive 
on (^1,^2)- In particular, it follows that /W is negative on [0,Ui] and positive 
on [t> 2 ,7r/4]. 

Suppose that /(£) = for some £ e (0,tt/4). From /(0) = /(0 = /(tt/4) = 
0, and the last sentence of the previous paragraph, it follows that there exist 
r/1,772 such that f^'(r]i) — /^ 1 ^(t7 2 ) = and v\ < 771 < 772 < 7J2- Consequently, 
there exists v 3 e (^1,^2) such that f^(v 3 ) = which is contrary to what 
was established in the previous paragraph. Thus f(v) / on (0, 7r/4). Since 
/(0) = /(tt/4) = and / (1) (0) < 0,/W(tt/4) > 0, it follows that f (v) < on 
[0, 7r/4]. The proof is therefore complete. 

Proof of Theorem 2.1. Part 1 follows from Lemmas 3.4,3.7 and 3.8, and part 
2 from (3.12). 
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